We give some very interesting matrices which are orthogonal over groups and, as far as we know, referenced, but in fact undocumented. This note is not intended to be published but available for archival reasons.
Introduction
(Caution: please note Jennifer Seberry has tried but been unable to contact the persons named as co-authors. Apolgogies for half finished results.) We note that the literature on this subject is very disorganized. Authors have not read the literature on their own key-words and papers thus ignored, on the other hand papers have been claimed to be published which have not. We have put together this note to make them accessible to all.
We do not give examples of all the literature but point to references which may help. This work is compiled from journal work of the authors from old pieces of paper. We first note that the matrices we study here have elements from groups, abelian and non-abelian, and may be written in additive or multiplicative notation. The matrices may have real elements, elements ∈ {1, −1}, elements n ≤ 1, elements ∈ {1, i, i 2 = −1}, elements ∈ {1, i, −1, −i, i 2 = −1}, integer elements ∈ {a + ib, i 2 = −1}, nth roots of unity, the quaternions {1 and i, j, k, i
, integer and i, j, k quaternions or otherwise as specified.
We use the notations B ⊺ for the transpose of G, B H for the group transpose, B C for the complwx conjugate of B ⊺ and B V for the quaternion conjugate transpose. In all of these matrices the inner product of distinct rows a and b is a -b or a.b −1 depending on whether the group is written in additive or multiplicative form.
2. group orthogonality:
orthogonality is because the inner product of distinct rows is the whole group the same number of times. The inner product is Example of GH(20, Z 4 ).
Butson orthogonality: [AB1962, WCRN2007]
orthogonality depends on the fact that the n nth roots of unity add to zero.
complex orthogonality (A):
orthogonality is independent of the internal elements.
5. complex orthogonality (B):
H is B transposed complex conjugate.
6. quaternion orthogonality: 
A Bhaskar Rao Design[WD1989]
design has entries from a group and zero so that the inner product a⋅b of any pair of distinct rows is a constant number of each of the elements of the group. The underlying design where the group elements are replaced by 1 is the incidence matrix of an BIBD or balanced incomplete block design. 2 A Summary of Known Generalized Hadamard Matrices over GH(n; Z 6 ) 
Butson-Hadamard Matrices
Let X, Y , Z, W be the 5 × 5 circulant matrices with first rows:
is a GH(10; Z 6 ).
Circulant matrices
1. First rows of GH(20; Z 4 ) from 4 circulant matrices ab b e e e, b a e e a, e ab e e b, ab a e e a. 6. Let C 0 , C 1 , C 2 be the cubic residues classes of 13 then with e, ω, ω 2 the elements of Z 3 the first row for 13 is
Let
D(e, q, s, t)D(e, q, s, t)
Cubic residues of 13 C 0 = {1, 5, 8, 12} C 1 = {2, 3, 10, 11} C 2 = {4, 6, 7, 9}. is the GW (13, 9, 6; S 3 ).
3. Let C = GW (17, 16; Z 3 ) then the following is a GH(34; Z 6 ) I + C I − C I − C * −I − C * 4 Acknowledgements
